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In this paper we prove the following results: 
COROLLARY 1. Let F be a Galois extension of Q and G be any finite 
group. Suppose M, and M, are FG-modules, M, is irreducible and for every 
x E G dim,(C,Wl(x)) = dim,(CM1(x)). Then there is afield automorphism cp of 
F such that M, = M;P as FG-modules. 
This extends an unpublished result of G. Glauberman. I wish to thank 
professor Glauberman for showing it to me and suggesting the possibility of 
extending it. 
COROLLARY 2. If G is a finite group, M, and M, are QG-modules and 
for every x E G, dimo(C,M,(x)) = dim,(C,V2(x)), then M, and Mz are 
isomorphic as QG-modules. 
COROLLARY 3. Let cl,..., [,, be the conjugacy classes of cyclic subgroups 
of a finite group G. Let Hi E Ci for i = l,..., n. Define aij = number of double 
cosets HixHj in G. Then aij is independent of the choice of representatives Hi 
in ci and (aij) is a non-singular symmetric matrix. 
COROLLARY~. With the notation of the previous corollary let Oi be the 
permutation representation of G on the Hi right cosets of G. Let Di : G --* Q 
be defined by, for every x E G, D,(x) = number of orbits of (x) on Oi. Then 
D , ,..., D, are linearly independent over Q. 
To prove these results we define for any finite group G and any function 
x: G + F (F any extension field of Q), 
Dx: G-F, 
(Dx)(x) = (lll(x)l) 2: X(Y) 
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for any x E G. 
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We set R(G) = (x: G + Q: if x, y E G and (x) and (y) are conjugate in G, 
then x(x> = X(Y) 1. 
Our results follow from the following lemma. 
LEMMA, For any finite group G, D provides a Q linear automorphism of 
R(G). 
ProoJ: Clearly, D is a Q-linear map of R(G) into R(G). Suppose the 
lemma is false and take G of minimum order so that it fails. Then there is 
x E R(G) and x E G so that x(x) # 0 and Dx = 0. For any subgroup H c G 
we have xJH E R(H) and D(‘J 1”) = (Ox) jH= 0. So by the choice of G, 
x IN = 0 for every proper subgroup H of G. So G = (x) and x(y) = 0 if y E G 
and (y) # G. Now since if y E G and (y) = (x) then x(x) = x(y), we have 
(Dx)(x) # 0, a contradiction. Hence, we have the lemma. 
For Corollary 1. Let xi be the character afforded by Mi (i = 1, 2). Let 
rb,) = C ~7 where cr ranges over Gal(F: Q). Then YQ,) E R(G) (see, for 
example, ] 1, Lemma 5.22, p. 721). The assumption now implies that 
W-OI,)) = Wo1J). N ow the lemma gives rk,) = Tkz). Since M, is 
irreducible, this implies that XT =x2 for some 0, as required. 
For Corollary 2. Let xi be the character of Mi (i = 1, 2). We have 
xi E R(G) (i = 1, 2). Now by hypothesis Dx, = Dxz. By the lemma, x, =x1 
and we get the corollary. 
For Corollary 3. By Artin’s theorem (see, for example, ( 1 p. 72, 
Theorem 5.2 1 ]) the functions 
Li ICI i = l,..., n, 
form a basis for R(G). By Mackey, if x E G, 
Li lG I(X) = y IHi Y,(x) I@)$ 
where y runs through a set of representatives of the double cosets Hi y(x) in 
G. So now D(lMi IG)(x) = number of double cosets Hi y(x) in G. This shows 
that the aii is independent of the choice of Hi in ci and since by the lemma 
W,, IGL D(Ln I”> is a basis for R(G), (ail) is a non-singular symmetric 
matrix as desired. 
For Corollary 4. Just notice that D! ,..., D, are the rows of the matrix 
(aii) of corollary 3. 
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